Abstract. We give a complete classification of finite p-groups all of whose noncyclic subgroups are normal, which solves a problem stated by Berkovich.
Introduction and preliminary results
We consider here only finite p-groups and our notation is standard. If in a p-group all cyclic subgroups are normal, then all subgroups are normal and we call such a group Dedekindian. A Dedekindian p-group G is either abelian or a Hamiltonian 2-group, i.e., G = Q × A, where Q ∼ = Q 8 is the quaternion group and A is elementary abelian (Proposition 1.2). Here we study nonDedekindian p-groups all of whose noncyclic subgroups are normal. Such groups have been considered by D.S. Passman [6, Proposition 2.9], but he omitted 2-groups of order ≤ 2 7 . In fact here lies the main difficulty. In this paper we refine, improve and extend the arguments of Passman so that all p-groups will be included. It turns out that we get in addition five exceptional 2-groups: one group of order 2 6 , three groups of order 2 5 and one group of order 2 4 . More precisely, we prove the following result which gives a complete classification of the title groups. Theorem 1.1. Let G be a finite non-Dedekindian p-group all of whose noncyclic subgroups are normal. Then G is one of the following groups.
(i) G is metacyclic minimal nonabelian and G is not isomorphic to Q 8 .
(ii) G = G 0 * Z, the central product of a nonabelian group G 0 of order p 3 with a cyclic group Z, where G 0 ∩ Z = Z(G 0 ) and if p = 2, then |Z| > 2. (iii) p = 2 and G = Q × Z where Q ∼ = Q 8 and Z is cyclic of order > 2. (iv) G is a group of order 3 4 and maximal class with
and Ω 2 (G) is abelian of type (4, 2). (vi) G ∼ = Q 16 , the generalized quaternion group of order 2 4 . (vii) G = D 8 * Q 8 , an extraspecial 2-group of order 2 5 and type " − ".
where G is the minimal non-metacyclic group of order 2 5 , G is a special 2-group with
where G is a special 2-group of order 2 6 with G ′ = Ω 1 (G) ∼ = E 4 in which every maximal subgroup is isomorphic to the minimal non-metacyclic group of order 2 5 (from (viii)).
Conversely, all the above groups satisfy the assumptions of the theorem.
In the proof of our theorem we use the following known results.
. Let G be a p-group all of whose subgroups are normal in G. Then G is either abelian or a Hamiltonian 2-group, i.e., G = Q × A, where Q ∼ = Q 8 is the quaternion group and A is elementary abelian. 
Proposition 1.5. Let A be an abelian maximal subgroup in a nonabelian p-group G and let g ∈ G − A. Then the mapping
There is an element y of order 8 in G − Ω 2 (G) such that y 2 = ua, u y = uz, a y = a −1 , and b y = bu.
Proposition 1.7. (Passman) Let G be a p-group all of whose noncyclic subgroups are normal. Let H be any non-normal subgroup in G. Then H is a maximal cyclic subgroup, |G : N G (H)| = p and N G (H)/H is either cyclic or p = 2 and N G (H)/H ∼ = Q 8 is quaternion.
Proof. By our assumption, H is cyclic. Assume that H is not maximal cyclic and let K > H be a maximal cyclic subgroup containing H. Let L > K be a subgroup of G such that
and so H is normal in G, a contradiction. We have proved that H is a maximal cyclic subgroup in G.
Set N = N G (H) so that {1} = N/H is Dedekindian. By Proposition 1.2, N/H is either abelian or Hamiltonian. If N/H has two distinct subgroups N 1 /H and N 2 /H of order p, then N 1 and N 2 are normal in G and N 1 ∩N 2 = H so that H is normal in G, a contradiction. Thus N/H has only one subgroup of order p and so N/H is either cyclic or p = 2 and N/H ∼ = Q 8 .
Set M/H = Ω 1 (N/H) so that |M : H| = p and M is normal in G. Let H 0 be the subgroup of H with |H/H 0 | = p. By the first paragraph of the proof, H 0 is normal in G and since M is noncyclic, M/H 0 ∼ = E p 2 . We act with G/N on the set of p non-normal subgroups of order p of G/H 0 which are contained in M/H 0 , where H/H 0 is one of them. This forces |G : N | = p and we are done. Proposition 1.8 ( [6] ). Suppose that G is a 2-group all of whose cyclic subgroups of order ≤ 4 are normal in G. Then either
, then o(vy) = 4 and g does not normalize vy . Hence o(g) = 4 and so g ∈ F which implies that F is Hamiltonian.
Assume that F = G and let l be an element of order 8 in
But l must normalize f and l 2 inverts f , a contradiction. We have proved that G = F is Hamiltonian. Proposition 1.9 (Janko [5, Theorem 2.6]). Let G be a nonabelian 2-group all of whose minimal nonabelian subgroups are isomorphic to
Then G is one of the following groups.
where G is a special 2-group of order 2 6 with Z(G) ∼ = E 4 in which every maximal subgroup is isomorphic to the minimal non-metacyclic subgroup of order 2 5 (given in (b)).
Proof of Theorem 1.1
Let G be a non-Dedekindian p-group all of whose noncyclic subgroups are normal. In particular, G is nonabelian. If G has no normal elementary abelian subgroup of order p 2 , then G is of maximal class. It follows that G ∼ = Q 16 (part (vi) of our theorem).
In what follows we assume that G has a normal abelian subgroup W of type (p, p). Since each subgroup of G/W is normal, G/W is Dedekindian and so G/W is either abelian or Hamiltonian (Proposition 1.2).
Suppose that p = 2 and there is a normal four-subgroup W such that G/W is Hamiltonian. In that caseḠ = G/W =Q ×Ā, whereQ is quaternion andĀ is elementary abelian. By Proposition 1.7, d(G) ≤ 4 and so |Ā| ≤ 4 which implies 2 5 ≤ |G| ≤ 2 7 . First we consider the case |G| = 2 5 so that
, contrary to Proposition 1.7. We have proved that S is abelian of type (4, 2). If g ∈ G − S, then g 2 ∈ S − W and so o(g) = 8. We have proved that Ω 2 (G) = S is of order 8. By Proposition 1.4,
since M 2 n+1 (n > 2) does not possess a factor-group isomorphic to Q 8 . We have obtained the group stated in part (v) of our theorem. Now we consider the case |G| > 2 5 . We have G = QA, Q ∩ A = W , Q and A are normal in G, Q/W ∼ = Q 8 , and A/W is elementary abelian of order 2 or 4. In particular, exp(G) ≤ 8. Suppose that u is an involution in G with u ∈ Z(G). By Proposition 1.7, |G : C G (u)| = 2 and C G (u)/ u is either cyclic of order ≤ 8 or C G (u)/ u ∼ = Q 8 . In any case, |G| ≤ 2 5 which is a contradiction. We have shown that Ω 1 (G) ≤ Z(G) and so W ≤ Z(G).
For each x ∈ Q − T , x 2 ∈ T − W and so o(x) = 8 and Ω 2 (Q) = T is of order 8. By Proposition 1.4, Q is a metacyclic group isomorphic to the group of part (v) of our theorem and so Z(Q) ∼ = C 4 , contrary to the fact that W ≤ Z(G).
In what follows we may assume that G has a normal abelian subgroup W of type (p, p) and for each such W , G/W is abelian. This gives that G ′ ≤ W and so G ′ is elementary abelian of order p or p 2 . Also, G has no abelian subgroup of type (p, p, p). Indeed, if E is an abelian subgroup of type (p, p, p), then considering maximal subgroups of E, we know that they are normal in G and each of them contains G ′ which would imply G ′ = {1}. (i) Assume that Z(G) is cyclic. Set Z = Ω 1 (Z(G)) so that |Z| = p and let J be another subgroup of order p. Then J is not normal in G and W = Z × J is a normal abelian subgroup of type (p, p). If N = N G (J), then |G : N | = p and N/J = {1} is either cyclic or p = 2 and N/J ∼ = Q 8 (Proposition 1.7).
First suppose that N/J ∼ = Q 8 so that |G| = 2 5 . We have W = Z(N ) and since G/N acts faithfully on W , we get Z = Z(G). If X/J is a maximal subgroup of N/J, then X/J ∼ = C 4 and so X is abelian. Hence N has at least three abelian maximal subgroups which implies |N ′ | = 2 and N ′ < W so that N ′ = Z = Z(G). Let n ∈ N − W so that n 2 ∈ W − J. Suppose that n 2 ∈ Z so that n 2 is not normal in G. By Proposition 1.7, n 2 must be a maximal cyclic subgroup in G, which is not the case. Thus, n 2 ∈ Z and so Φ(N ) = N ′ = Z. Let Q * = a, b be a maximal subgroup of N which does not contain J = u so that Q * ∼ = Q 8 and N = J × Q * . Suppose that there is an element x ∈ G − N such that o(x) ≤ 4. Then x 2 ∈ W and D = W, x ∼ = D 8 . There is i ∈ D − N such that i is a noncentral involution. By Proposition 1.7, |G : C G (i)| = 2 and the fact that [i, J] = {1} gives that C N (i) covers N/J so that C N (i) = Q 1 ∼ = Q 8 . We get G = Q 1 * D is an extraspecial group of order 2 5 and type "-" which appears in part (vii) of our theorem. Suppose that all elements in G − N are of order > 4 so that Ω 2 (G) = N = J × Q * . We use Proposition 1.6 and see that there is an element y ∈ G − N such that b y = bu and therefore Q * = a, b is not normal in G in spite of the fact that Q * is noncyclic, a contradiction.
We may assume that N/J = {1} is cyclic so that N is abelian. Since J is maximal cyclic (Proposition 1.7) , N is noncyclic and so N = J × A, where A is cyclic of order ≥ p 2 (since we may assume that |G| > p 3 ) and so Z < A because Ω 1 (℧ 1 (N ))(< A) is central in G. By Proposition 1.5, N/Z(G) ∼ = G ′ . Now assume that there exists an element x of order p in G − N . Then Z, x is abelian of type (p, p) so that Z, x is normal in G and
and so we may set N = Z(G) × J, where Z(G) is cyclic. Since W, x = G 0 is nonabelian of order p 3 , we get G = Z(G) * G 0 and this is the case (ii) of our theorem. Now suppose that there exist no elements of order p in G−N and consider the abelian group G/W . If G/W is cyclic, then the fact that Ω 1 (N ) = J × Z = W ∼ = E p 2 implies that G has a cyclic subgroup of index p and so G is metacyclic. Now, G ′ ≤ W and the commutator group of a metacyclic group is cyclic and so |G ′ | = p. By Proposition 1.3, G is minimal nonabelian which gives the case (i) of our theorem. We may assume that G/W is noncyclic and so G/W is abelian of type (p a , p) with a ≥ 1. Let G ≥ R > W be such that R/W is abelian of type (p, p). Suppose p = 2 and let x ∈ R − N . Then
Thus, ℧ 1 (R) = W and so there is x ∈ R − N such that x p ∈ Z. By Proposition 1.7, x p ∈ Z(G) which implies W ≤ Z(G), a contradiction. It follows that R is irregular and so p = 3, R is of class 3 and so R ′ = G ′ = W . Finally, we know that N/Z(G) ∼ = E p 2 (Proposition 1.5) and R ∩ N is abelian of type (p 2 , p). Thus, if a ≥ 2, then R ∩ N contains a central element of order p 2 , contrary to the fact that R is of maximal class. Hence a = 1, R = G and we have obtained the case (iv) of our theorem.
(
Suppose that either p > 2 or p = 2 and {x ∈ G | x 2 ∈ G ′ } ≤ Z. We show that under this assumption the map x → x p is a one-to-one map from G/W into Z. Indeed, this is clear for p > 2 since in that case
Hence, by our assumption, xy −1 ∈ Z so x and y commute and (xy
Thus this fact follows. This gives |G/W | ≤ Z and so |G| ≤ |Z||W |. Since G is nonabelian, we have G/Z ∼ = E p 2 and the map x → x p is onto which implies Z = Φ(G). Each maximal subgroup of G is abelian and so G is minimal nonabelian. Since Ω 1 (G) = W ∼ = E p 2 , Proposition 1.3 shows that G is also metacyclic and we have obtained the groups from part (i) of our theorem.
In the rest of the proof we may assume that p = 2 and {x ∈ G | x 2 ∈ G ′ } ≤ Z. Hence there is an element x ∈ G − Z with x 2 ∈ G ′ ≤ W and o(x) = 4. Suppose there is y ∈ Z with y 2 = x 2 . Then (xy −1 ) 2 = 1 so xy −1 ∈ W ≤ Z and x ∈ Z, a contradiction. This implies that Z = Z 1 × x 2 , where Z 1 is cyclic. Since Ω 2 (G) ≤ Z(G), Proposition 1.8 implies that G has a non-normal cyclic subgroup H of order 4. By Proposition 1.7, H is maximal cyclic in G, |G : N | = 2 with N = N G (H) and N/H is either cyclic or quaternion.
First suppose N/H ∼ = Q 8 so that |G| = 2 6 . Set S/H = Φ(N/H) so that S is abelian of type (4, 2) because |N : C N (H)| ≤ 2 and H is maximal cyclic. We have Ω 1 (S) ∼ = E 4 which implies that Ω 1 (S) = W = Ω 1 (G) ≤ Z(G). On the other hand, Z(G) ≤ N and since H ≤ Z(G), we get W = Z(G). Suppose in addition that G possesses a subgroup Q = k, l ∼ = Q 8 so that Q is normal in G. Since G ′ ≤ W , no element y in G induces an outer automorphism on Q (otherwise, we may assume that k y = l and then
where W = Z(L) = a 2 , b 2 and a 2 and b 2 are the only involutions in W which are squares in L. If c ∈ L is such that c 2 = z, then o(kc) = 2 and kc ∈ L, a contradiction. It follows that a 2 = z and b 2 = z which implies
and R is normal in G so that G = Q × R. On the other hand, (bk) l = (bk)z and so z ∈ R, a contradiction. We have proved that a quaternion group is not a subgroup of G.
Let X be any minimal nonabelian subgroup of G. Since X is not isomorphic to Q 8 , |Ω 1 (X)| ≤ 4, and exp(X) = 4, Proposition 1.3 implies that X is isomorphic to the group
By Proposition 1.9, G is the special group given in part (ix) of our theorem.
In what follows we assume that N/H is cyclic which implies d(G) ≤ 3.
(ii1) Suppose |G ′ | = 2. Set H = h ∼ = C 4 and let N ≥ K > H be such that |K/H| = 2. Then K is normal in G (since K is noncyclic) and if g ∈ G − N , then h g = hi with an involution i ∈ K − H and i ∈ G ′ so that G ′ = i . In that case H ≤ Z(N ) which gives that N is abelian. By Proposition 1.5, N/Z ∼ = G ′ and so G/Z ∼ = E 4 . We know that there is an element x ∈ G − Z such that x 2 = i and so x is normal in G. Now, Z 1 ∩ x = {1} and so (Z 1 × x )/ x has index 2 in G/ x . If G/ x is cyclic, then G is metacyclic which together with |G ′ | = 2 implies that G is minimal nonabelian (Proposition 1.3) and we have obtained groups of part (i) of our theorem. If G/ x is noncyclic, then G/ x is abelian of type (2 n , 2), n ≥ 1 (since we may assume |G| ≥ 2 4 ), and so there is y ∈ G − ( x × Z 1 ) such that y 2 ∈ x . But x ≤ Z(G) and so y 2 ∈ i which together with
implies that x, y ∼ = Q 8 and so G = x, y × Z 1 with |Z 1 | > 2. We have obtained the groups stated in part (iii) of our theorem.
. By Proposition 1.5, |G/Z| = 8 and so G/Z ∼ = E 8 which implies d(G) = 3 and so Z = Φ(G).
Suppose that G possesses a subgroup x, y = Q ∼ = Q 8 , where we set Z(Q) = z . Then Q is normal in G and again there is no element in G inducing an outer automorphism on Q (since G ′ ∼ = E 4 ). It follows that G = QC G (Q) with Q ∩ C G (Q) = z . We get Φ(G) ≥ z and Φ(G) ≤ C = C G (Q) and so |C : Φ(G)| = 2. Since Z = Φ(G), C is abelian and so G ′ = z , a contradiction. Hence Q 8 is not a subgroup of G.
Assume that Z > W = G ′ and so G/W is abelian of type (2 m , 2, 2, ), m > 1. Set M/W = Ω 1 (G/W ) so that M/W ∼ = E 8 . Set Z 0 = M ∩ Z, where |Z 0 : W | = 2 and Z 0 is abelian of type (4, 2). Let v ∈ Z 0 − W so that o(v) = 4 and v 2 = u ∈ W . Let R/W be a complement of Z 0 /W in M/W . We have |R| = 2 4 and R/W ∼ = E 4 . Suppose there is y ∈ R such that y 2 = u. Then o(yv) = 2 and yv ∈ R, a contradiction. It follows that R is nonabelian (otherwise, R ∼ = C 4 × C 4 and in that case u is a square in R) and since Q 8 is not a subgroup of R, we get that R is minimal nonabelian with Ω 1 (R) = W and exp(R) = 4. By Proposition 1. so that a, bv ∼ = Q 8 , a contradiction. We have proved that Z = W and so G ′ = W = Z(G) = Φ(G) = Ω 1 (G) ∼ = E 4 and so G is a special group of order 2 5 . Since Q 8 is not a subgroup of G and Ω 1 (G) ∼ = E 4 , each minimal nonabelian subgroup of G is isomorphic to the above group H 2 . By Proposition 1.9, G is the minimal non-metacyclic group of order 2 5 and so we have obtained the group of part (viii) of our theorem. It is an easy exercise to show that all the groups from Theorem 1.1 satisfy the assumptions of this theorem and we are done.
